INTRODUCTION
We shall first consider équations h(x) = x n , n = 2, 3, . . ., where h is an endomorphism on a finitely generated free monoid A*. It is shown that ail the solutions of these are obtained as powers of finitely many primitive words. The finiteness of the primitive solutions was first shown in [6] . Also, we prove that the primitive solutions can be effectively determined. This, in particular, shows that it is decidable whether or not a nontrivial solution exists.
In chapter 4 we turn to infinité words obtained by iterating an endomorphism h: A* -• A*. We show that the DOL periodicity problem is decidable, that is, we can décide whether there exist words v and w for a given word u such that h fù (u) = vw (a , where ^(w) is the limit of the séquence w, h(u), h 2 (u\. . . if it exists and w^^ww. . .. Some special cases of this problem were solved in [4] and [6] . In [4] a partial solution to the problem was used to solve the so called adhérence équivalence problem for DOL Systems.
The ultimate periodicity problem cornes into use also in solving the coregularity problem for limits of DOL languages. The ordinary regularity problem for DOL languages was shown to be decidable in [7] , The corresponding problem for infinité words is just another formulation for the DOL periodicity problem and is thus solved hère.
PRELIMINAIRES
Let A be a finite alphabet and A* the free monoid generated by A. We dénote by 1 the identity (the empty word) in A* and by A + the free semigroup 4*\{ 1 }. For a word wei*, | w\ dénotes the length of w, while \A\ is the cardinality of A.
A word wei* is primitive if it is not a power of another word. Every word is a power of a primitive word, denoted by /w. Given two words w and v we say that w is a prefix of v 9 w^v, in case v = ww 1 
where moreover \lim L(h q , h p+i (u))\ =1 for each i = 0, . . .,q-1. We shall thus separate the case (2.1) in an effective way into a finite number of special cases where the limit of the séquence exists uniquely.
As discussed above, we can restrict ourselves to DOL Systems (h, u), where (if the limit exists) h(u) = ux for some xeA*. This kind of a System defines the infinité word:
In chapter 4 we shall show that it is decidable whether or not such a prefix preserving h defines an ultimately periodic infinité word, that is, whether or not:
for some words v and w. Here w* 0 dénotes the infinité word ww...
Given a morphism h:A* -^ A* we call a letter beA finite if L(h, b) is a finite set. Otherwise b is an infinité letter. This offers a partition
A = A F {J A x for A. Finally, if beA is "mortal", that is, Zi'(b)=l for some i^O then necessarily h) A ' (b) = 1.
THE EQUATIONS h(x) = x n
In this chapter we shall seek for the solutions of the équations:
where h:A* -+A* is a given morphism. We shall show that all the solutions can be effectively found.
Given a solution, h (w) = w" for some n ^ 2, we note that ( /w) p is also a solution for all/?^0. Thus we need to search for the primitive solutions only. With this in mind we define: We now proceed to show that the primitive solutions can be found in an effective way. If f or such a letter c the letter b occurs in no ti(c) then U is infinité. This property is clearly a decidable one and so we assume that it does not take place. By this claim it is decidable whether or not U is finite and if so then U can be constructed easily. We suppose then that U is finite and given.
CLAIM: U is infinité iff there is an infinité letter c in h & (b) and an integer s^\A\ such that h s (c) = v i cv 2 and for i=\ or 2:v t eAp and h}
Assume for a while that there is a solution w, fe(w) = w n , such that w décomposes as w = w o u o bw i in AfAfAjA*.
Then:
and so w o = fr(w o ). We consider the conjugate V = WQ 1 
ULTIMATE PERIODICITY
We shall use the results from the previous chapter in proving the decidability of the ultimate periodicity problem. We remind that the morphism h is ultimately periodic on a word u if:
for some words v and w. Hère we may suppose that h(u) = ux as pointed out in preliminaries. We note that the last statement is decidable in the claim and so is the first one. This complètes the proof of the theorem.
DISCUSSION
Theorems 1 and 2 or their proofs do not give the primitive solutions w explicitely. In the binary case, \A\ =2, one can, however, obtain a very effective characterization to the set P h as well as to the morphism h 9 [3] : THEOREM 6: Let w be a primitive word in {a, fe}* and let h be an endomorphism on {a, £>}*. Then h(w) = w n for some n^.2 iff at least one of the letters, say a, is infinité and:
(1) w= ^Jh{a) and either: vol. 20, n° 1, 1986 
